We investigate the metastability of a ferromagnetic spin-1 Bose-Einstein condensate confined in a quasi-one-dimensional rotating ring trap by solving the spin-1 Gross-Pitaevskii equation. We find analytical solutions that exhibit spin textures. By performing linear stability analysis, it is shown that the solutions can become metastable states. We also find that the number of Nambu-Goldstone modes changes at a certain rotation velocity without changing the continuous symmetry of the order parameter.
I. INTRODUCTION
Owing to recent developments in the experimental techniques associated with cold atomic gases, BoseEinstein condensates (BECs) confined in multiply connected geometries have been realized [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Such systems are suitable for investigating the fundamental properties of superfluidity. In fact, many interesting features of superfluidity have already been observed, such as persistent current [1] [2] [3] [4] , phase slip and vortex nucleations [7, 8] , hysteresis [10] , and a current-phase relationship [12] .
Although the above experiments, except Ref. [4] , were performed using scalar BECs, BECs with internal degrees of freedom (spinor BECs [14, 15] ) confined in simply connected geometries have also been realized experimentally [16, 17] . In spinor BECs, there exist various topological defects [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , spin textures [29] [30] [31] [32] , and Nambu-Goldstone modes (NGMs) [33] [34] [35] [36] [37] [38] due to their spontaneous symmetry breaking.
The previous theoretical works regarding multicomponent systems (two-component Bose gases [39] [40] [41] [42] [43] and spinor BECs [44, 45] ) in a ring trap concern the stability of persistent currents. Other important properties, including metastability under external rotation, have also been thoroughly investigated theoretically [46, 47] and experimentally [7, 8, 10] for scalar BECs. However, a complete understanding of the metastability of spinor BECs in multiply connected systems under external rotation has not yet been established.
In this paper, we investigate the properties of spin-1 BECs in a rotating ring trap within the framework of the mean-field approach. We present analytical solutions of the spin-1 Gross-Pitaevskii equation (GPE) [33, 34] under a twisted periodic boundary condition. This solution exhibits spin textures. By performing linear stability analysis, we show that these solutions can become metastable states. Furthermore, we determine the NGMs and find the change in the number of NGMs for a given * E-mail: kunimi@hs.pc.uec.ac.jp rotational velocity without changing the continuous symmetry of the order parameter. This change in the number of NGMs is called a type-I-type-II transition [48] .
II. MODEL
We consider N spin-1 bosons confined in a rotating ring trap. Within the mean-field approximation, the system can be described by a three-component order parameter (a condensate wave function),
T , where T denotes the transpose. For simplicity, we treat the system as a quasione-dimensional torus. We assume that the spatial dependence of the order parameter is given by Ψ(r) ≡ Ψ(x)/ √ S, where S is the cross-section of the torus and x represents the coordinate [49] . The energy functional of the system is given by
where M is the mass of the boson, m denotes the magnetic sublevels and can take the values of 1, 0, and −1, L is the length of the torus, n(x) ≡ m |Ψ m (x)| 2 is the particle density,
are the spin-independent and spin-dependent interaction strengths, and a 0 and a 2 are the s-wave scattering lengths of the spin-0 and -2 channels, respectively. In this paper, we consider the case in which c 0 > 0, c 1 < 0, and c 0 ≫ |c 1 |. This corresponds to 87 Rb.
The time-independent GPE for spin-1 bosons [33, 34] can be derived using the functional derivative of the en- where
and µ is the chemical potential of the system, which is determined by the total number of particles N =
The effects of the rotation are described by imposing the twisted periodic boundary condition [50, 51] ,
iMvL/ , where −v is the rotational velocity of the ring. This corresponds to the boundary condition in the rotating frame [47] . We note that the twisted boundary condition is invariant under the transformation v → v + lv 0 , where v 0 ≡ 2π /(M L) and l ∈ Z. Throughout this paper, we use the parameters (L, c 1 ) = (96ξ 0 , −0.005c 0 ) to demonstrate our results, where ξ 0 ≡ / √ M c 0 n 0 is the healing length. These values are close to those used in previous experiments [7, 52] . Our results presented below are valid for other parameter regions as long as c 1 < 0.
III. RESULTS
First, we present trivial plane-wave solutions of the GPE. It can be shown that ferromagnetic plane-wave
, and polar plane-wave (PPW) states, (
, are the stationary solutions of the GPE, where n 0 ≡ N/L is the meanparticle density. The velocity dependences of these states are shown in Fig. 1 [53] . We find that the ground state is the ferromagnetic state. The stability of these states can be determined by the Bogoliubov excitation spectra [14] . The low-lying excitation of the ferromagnetic state is a magnon mode as long as c 0 ≫ |c 1 | and its expression is given by ǫ
The lowlying magnon mode becomes negative, namely, Landau instability occurs for |v + W F v 0 | > v 0 /2. The low-lying excitations of the polar state are also magnon modes (doubly degenerated) and their expressions are given by ǫ
Next, we present a non-trivial solution of the GPE, which is expressed using the following ansatz:
Here, W m ∈ Z is the winding number of the component m and φ m is a complex constant. We assume that all components of φ m are non-zero. According to the U (1) × SO(3) symmetry of the system and the requirement that the chemical potential be real valued, we can choose φ 1 and φ 0 to be real and positive and φ −1 to be real without loss of generality. {φ m } satisfy m φ 2 m = 1 due to the total particle number condition. When the winding numbers {W m } satisfy the relations
the condensate wave function (5) becomes a solution of the GPE. The expressions of {φ m } are given explicitly by
where
dxF z (x) = LF z is the magnetization of the z-component (F z does not depend on x), φ −1 is positive due to Eq. (11), and g(v, W, W 0 ) is a function defined for convenience as
The parameter regions where the solution exists are given by 0 ≤ φ 2 0 ≤ 1:
The explicit expressions of the physical quantities such as the chemical potential, total energy, total momentum of the rotating frame, and local magnetizations become
From the expressions for the magnetization density (15) and (16), this solution (we call it the three-component plane-wave (TCPW) state) represents the spin texture. The spin rotates |W | times around the ring. This texture is similar to the polar core vortex (see Fig. 2 in Ref. [57] ). We note that similar solutions for infinite systems were reported in Refs. [31, 58, 59] . The velocity dependences of the total energy for the TCPW states are shown by the solid red lines in Fig. 1 . At v = −W 0 v 0 ± v 0 /2, the TCPW states with |W | = 1 branches appear (see Eq. (11)). These points are the same as the points at which Landau instability occurs in the FPW branches due to the magnon mode, indicating that the instability of the magnon mode in the FPW state triggers the TCPW states, namely, the transition from the green line to the red line in Fig. 1 . For |W | = 3 branches, the TCPW branches continuously connect the PPW branches. These bifurcations occur when the righthand side of the second inequality in Eq. (11) becomes positive.
To investigate the stability of the TCPW states, we solve the Bogoliubov equation for spin-1 systems [14, 33, 34] .
The Bogoliubov equation can be derived by substituting Ψ(x, t) = e
into the time-dependent GPE and neglecting the higher order terms
T , where ǫ j is the excited energy of the j-th excited state. The velocity dependence of the excited energy is shown in Fig. 2 . From the results of the numerical diagonalization of the 6 × 6 Bogoliubov matrix [14] , we find that the branch for |W | = 1 is a metastable state because the energy is higher than the FPW branches and all excitation energies ǫ i are real and positive. We also find that Landau or dynamical instability occurs in the branches for |W | > 1 (data are not shown).
We now discuss the NGMs of the TCPW states. The Hamiltonian of the system has U (1) × SO(3) internal symmetry [60] ; however, the TCPW state breaks this symmetry. Therefore, it can be expected that the system has a number of NGMs. The generators of these symmetries {Q i } are given by f x , f y , f z , and I, where I is the 3 × 3 unit matrix. According to Ref. [48] , the zero-energy eigenstates of the Bogoliubov equation (zero-mode) originating from the spontaneous symmetry breaking are given by
In the present case, we can analytically obtain four zero-modes:
T , which represent the global phase transformation and the spin rotation around the x-, y-, and z-axes, respectively. From these zero-modes, we can construct the NGMs.
According to recent developments of the theory of the NGMs for non-relativistic systems [61] [62] [63] , the NGMs can be classified as two different types: type-I (unpaired) and type-II (paired). The type-I NGMs are given by
On the other hand, the type-II NGMs are given by a linear combination of two zero-
T . The pair is formed when the commutator [Q j , Q k ] has a non-zero expectation value. This is analogous to the canonical commutation relation of the coordinate and the momentum operators for the quantum mechanics: [x,p] = i . Two zero-modes describe one degree of freedom when the canonical pair is formed.
We can obtain the total number of NGMs and determine which zero-modes form the canonical pair in the following way [61] [62] [63] . We calculate the Watanabe-Brauner (WB) matrix ρ, which is defined as
. (17) Each component of the matrix is proportional to the expectation value of the commutator [Q i , Q j ]. The number of type-II NGMs n II is given by n II = rank(ρ)/2. The to-tal number of NGMs n NGM is given by n NGM = n BG −n II , where n BG is the number of broken generators. In the present case, ρ reduces to
where we used the fact that the magnetizations of the x and y components are zero, i.e.,
−L/2 dxF y (x) = 0 (see Eqs. (15) and (16)). The total number of NGMs n NGM is thus given by
where n BG = 4 in the present case. When M z = 0, a 2×2 block of the WB matrix exists and n II = rank(ρ)/2 = 1 due to the commutation relation [f x , f y ] = if z . Therefore, one type-II NGM exists, which is given by a linear combination of x x and x y , in addition to two type-I NGMs, which are given by x B and x z . On the other hand, when M z = 0, the four zero-modes, namely, x B , x x , x y , and x z , are type-I NGMs because n II = rank(ρ)/2 = 0.
The above results imply that the number of NGMs changes at the point where M z = 0 without changing the broken continuous symmetries. This is called the type-I-type-II transition [48] . From Eqs. (9) and (10), the transition point is given by v = −W 0 v 0 [64] . In fact, we can see this transition for the (W, W 0 ) = (−1, 0) branch in Fig. 2 ; the first excited energy ǫ 1 becomes zero at v = 0. This means that the additional zero-mode exists at v = 0. We note that similar behavior was found in the unstable parameter region in the H-phase of the spin-3 spinor BEC [48] . In our system, the type-I-type-II transition can occur in the metastable parameter regions such as the |W | = 1 branches.
Finally, we discuss the applicability of the above results to actual experiments. The TCPW states have different winding numbers, namely, different angular momenta for each component. Such states can be prepared through two-photon Raman transitions with circularly polarized Laguerre-Gaussian and standard Gaussian beams [25] . The type-I-type-II transition can be indirectly observed by utilizing the vanishment of the first excited energy, because the first excited state, which is a magnetic excitation, is converted to the zero-mode at v = −W 0 v 0 , as described above. The magnon excited energy and its dispersion relation have been observed in a recent experiment using a magnon contrast interferometry technique [38] . By applying this technique to ring trap experiments, the type-I-type-II transition can be observed.
IV. SUMMARY
We investigated the metastability of the spin textures and excitations of ferromagnetic spin-1 BECs confined in a rotating ring trap using mean-field theory. We found analytical solutions of the GPE (TCPW solutions) that exhibit spin textures analogous to polar-core vortices. By numerically solving the Bogoliubov equation, it was shown how the TCPW states can become metastable states. On the basis of these analytical solutions, we determined the number of NGMs by using the WB matrix [61] [62] [63] . We found that the number of type-II NGMs changes at v = −W 0 v 0 without changing the continuous symmetry of the order parameter.
In future work we will study the stability of the TCPW states in the presence of an external potential that breaks translational symmetry. An additional goal is to perform a many-body calculation for spinor Bose gases in a ring trap. 
